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ABSTRACT
In this paper, a mathematical representation is proposed to
further understand the dynamic behavior and risk factors
associated with vibration-assisted drilling (VAD) technology.
The proposed Timoshenko beam model, which characterizes
VAD technology, consists of two passive, counter-rotating
coaxial rotors operating simultaneously, subjected to a
stochastic excitation. In this regard, a finite element technique
was incorporated to determine the physical parameters of the
governing equation of motion, where the shear and rotary
effects, as well as the gyroscopic couples generated
perpendicular to the axis of rotation, were accounted for.
Further, the relative velocity between the coaxial rotors was
accounted in the equation of motion, which induced a
modification on the stiffness and damping parameters. A fourthorder Runge-Kutta method was utilized to estimate the response
and power spectra for soft and compact formations. Results
indicated that resonance conditions due to gyroscopic effects
manifest at soft and compact formations during drilling,
however, at soft formations, the natural frequencies separated at
lower RPMs, while at compact formations, higher RPMs were
required to induce instabilities.
Keywords: Vibration-assisted drilling, finite elements,
Runge-Kutta
NOMENCLATURE
𝐊s:
Stiffness parameters
𝐂s :
Damping parameters
𝐑:
Diagonal matrix of the relative speed between rotors,
Ω:
Rotational speed of the rotors
𝐊e:
Element stiffness matrix
𝐂e :
Element damping matrix
𝐴𝑒 :
Rotor’s cross-sectional area
𝐿𝑒 :
Element length
𝜌:
Density of the material
𝐸:
Modulus of Elasticity

1. INTRODUCTION
Recent investigational trends elucidate reasonable rates-ofpenetration (ROP) increments centered on vibration-assisted
drilling (VAD) methodology, where a transferring of highfrequency low-amplitude excitation into low-frequency highamplitude response transpires by superimposing an axial
vibration source on the drill-string [18], [20]. Originally handled
in diversified oilfield terrains with frequency ranges between 2030 Hz, VAD technologies gradually infiltrated natural gas
extraction whose depths beneath 15,000 ft. seemed impossible
[27].
Amplitude and frequency parameter quantification
formulate the classification of distinctive mechanisms evolving
in VAD technology, e.g., rotary percussion drilling, pure
percussion drilling, and sonic drilling [28]. In percussion [or
technically referred as hammer] drilling processes, an induced
high-amplitude low frequency drill-bit impact continually
attenuates rock properties provoking internal tensile and shear
fractures to substantially emerge [28], [29].
Exceptional ROP and economical records temper the
richness of sonic drilling technologies per contra to previous
delineated VAD schemes, withal, its ultra-high frequency
characteristics hinder applications involving oil and gas
extraction, and may temporarily consolidate in soil and shallow
soft formations [28], [32]. Further service limits as natural
frequency tuning propitiates exorbitant amounts of detrimental
BHA impact, inciting stability concerns and accelerating
assemblage degradation. An 8 percent hard rock drilling
efficiency restricted VAD technology to shallow boreholes
confinements, before comprehensive industrial research and
field drilling involvement propelled innovative hydraulic
hammer (HH) designs capable of radically improving drilling
rates by 40 percent, though contemporary developments
advocate an additional 30 percent proficiency [32].
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1.1 Research Motivation
Operational risks, economic perplexity, inconsistent results,
and surprisingly, a deficient physical understanding of VAD
systems attributed to random and nonlinear phenomena
displaying in situ, impede their absolute industrial recognition
and technological advancement [27], [28], [30]. Despite
numerous efforts, field involvement rather than predictable
modeling techniques, represents the greatest economical ROP
solution thus far.
In this paper, a mathematical representation is proposed to
further understand the dynamic behavior generated in vibrationassisted-drilling (VAD) technology. The proposed Timoshenko
beam model consists of two passive, counter-rotating coaxial
rotors operating simultaneously, subject to two distinct types of
excitations. In this regard, a finite element technique is
incorporated to determine the physical parameters of the
governing equation, where the shear and rotary effects, as well
as the gyroscopic couples generated perpendicular to the axis of
rotation, were accounted for. A fourth-order Runge-Kutta
method was utilized to estimate the response and power spectra
for soft and compact formations.
2. MATHEMATICAL FORMULATION
The proposed VAD model, which is mounted on isotropic
supports, was composed of two coaxial rotors operating
simultaneously (Figure 1). The inner rotor, for instance,
represented the drill-collar segment, while the outer, compact
rotor characterizes the additional [passive] VAD source.
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A complete mathematical representation was established by
determining the mass, stiffness, and gyroscopic parameters. In
this manner, by integrating each component with its respective
shape functions, a symmetric mass matrix 𝐌𝑒 containing shear
M1 and rotary effects M2 was generated as

couples generated perpendicular to the axis of rotation were
additionally considered for the dynamic assessment. Lastly, the
stiffness matrix was established by considering the axial load on
the VAD model, which was a combination between the element
stiffness matrix as
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where M, C, G, and K represent the mass, damping, gyroscopic,
and stiffness 𝑛𝑥𝑛 coupled matrices 𝐱 T = [𝑢 𝑣 𝜑 𝜙], Ω the
rotational speed, 𝐱̈ (𝑡), 𝐱̇ (𝑡), 𝐱(𝑡) the acceleration, velocity, and
displacement vectors as a function of time, respectively, and g
characterized the excitation imposed vertically on the rotor’s
extremity. In this model, however, the relative velocity between
the coaxial rotors was accounted in the EOM, which induced a
modification on the stiffness and damping parameters as
and
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where 𝑘1 = 72 + 120Γ + 60Γ 2, 𝑘2 = 6𝐿𝑒 , 𝑘3 = 𝐿2𝑒 (8 + 10Γ + 5Γ 2), 𝑘4 =
−𝐿2𝑒 (2 + 10Γ + 5Γ 2 ). Having identified and assembled the element
matrices, a complete dynamic MDOF mathematical
representation of the VAD system was generated by accounting
for its flexibility and elastic characteristics. Therefore, the
governing equation of motion yielded

1

𝐌𝑒 = M1 + M2

such that

3

. Further, gyroscopic

𝐌𝐱̈ (𝑡) + (Ω𝐆 + 𝐂)𝐱̇ (𝑡) + 𝐊𝐱(𝑡) = 𝐠(𝑡)

Figure 1. Vibration-assisted drilling model
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where 𝐊 s , 𝐂s represented the support stiffness and damping
parameters, respectively, 𝐑 a diagonal matrix of the relative
speed between rotors, Ω the rotational speed of the rotors, and
𝐊 e , 𝐂e the element stiffness and damping matrices.
3. RESULTS AND DISCUSSION
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The VAD model mounted on isotropic supports was
composed of a total of eleven elements, seven for the drill-collar
segment and four for the VAD source, thus producing a 44-DOF
system. In terms of assembling, the coaxial rotors were attached
at node 8 and a relative velocity of 4 RPM is established between
the two. Its elastic characteristics, dimensions, and flexiblesupport parameters are represented in Table 1, Table 2, and Table
3, respectively, which are selected based on API standards and
data from the literature. A constant axial load of 103 N was
additionally enforced throughout the assembly to characterize
WOB consignments and ensure pragmatic assessments.

drill-collar’s response (Figure 2). At 70 RPM, a response of
approximately 0.05 m was generated within a five second
interval, but given the low damping characteristics of the
formation, it only dissipated to nearly 0.03 m as time progresses.
Despite such behavior at shale, soft formations, the displacement
remains within a tolerance of 0.15 m, which suggests that VAD
technology might be beneficial in reducing lateral vibrations.

Table 1. Steel properties of VAD model
Steel
Modulus of elasticity

2.07 × 1011 Pa

Density

7.830 × 103 kg ∙ m−3

Shear modulus

81 × 109 Pa

Table 2. Pipe dimensions of VAD model
VAD Source
Total length

1m

Inner diameter

0.258 m

Outer diameter

0.289 m

Figure 2. Response of VAD at 70 rpm, soft formation

Drill-collar
Total length

9m

Inner diameter

0.105 m

Outer diameter

0.203 m

Table 3. Bearing parameters for isotrpic VAD model
Stiffness
𝑘𝑥1

1.6e4 N ∙ m−1

𝑘𝑦1

1.6e4 N ∙ m−1

𝑘𝑥7

1.6e4 N ∙ m−1

𝑘𝑦7

1.6e4 N ∙ m−1
Damping

𝑐𝑥1

20 Ns ∙ m−1

𝑐𝑦1

20 Ns ∙ m−1

𝑐𝑥7

20 Ns ∙ m−1

𝑐𝑦7

20 Ns ∙ m−1

To fully understand the dynamic effects emerging in VAD
technology, it was necessary to expose the system to a range of
speeds and observe how the relative velocity between the coaxial
rotors affects its response. Results indicated that at soft
formations the passive VAD source has minimal effects on the

Figure 3. Response of VAD system at 70 RPM, compact
formation
Nonetheless, the response characteristics are modified when
the VAD model is subjected to compact formations, e.g., higher
damping properties (Figure 3). In such case, the response of the
drill-collar segment dissipates at a faster rate from its initial
displacement of approximately 0.05 m. At 70 RPM, for instance,
the lateral displacement of both the drill-collar and VAD source
reduce to 0.015 m and 0.02m, respectively. In this manner,
elucidating the benefit of incorporating coaxial rotors is
achieved. By increasing the speed to 200 RPMs, it is further

3

© 2019 by ASME

observed that the response of the drill-collar segment decreases
to 0.01 m after 6 sec, which is a significant reduction from the
previous speed. However, increasing the speed to 400 and 600
RPM, respectively, generated a response attenuation to about
0.025 m, which is reasonably low, but in comparison to the
previous speed is quite higher.
From the power spectrum, it was observed that the drillcollar segment at node 11 oscillates at a natural frequency of
approximately 0.65 Hz and 1.2 Hz below 900 RPM and 400
RPM, respectively (Figure 4). Following such speeds, however,
a resonance condition was exhibited as both of the natural
frequencies split into two due to the gyroscopic effects. The first
frequency, e.g., 0.65 Hz, remained split at higher speeds, while
the second frequency was tuned to nearly 1.5 Hz past 1200 RPM.
At the drill-bit segment, e.g., node 7, results conceded an
additional natural frequency at 2.4 Hz for low RPMs.

Figure 4. Power spectrum of node 11, soft formation

Figure 5. Power spectrum of node 11, compact formation
From the development of the power spectrum for compact
formations (Figure 5), it was observed that node 11 experiences
resonance effects of the natural frequencies 0.65 Hz and 1.2 Hz

at approximately 1400 RPM and 800 RPM, respectively, which
were significantly higher than the soft formation values.
4. CONCLUSION
A mathematical representation of two passive coaxial rotors
with relative velocity was proposed to fully understand the
dynamic behavior in VAD technology and its risks. The benefit
of implementing such model was that both rotors may be
analyzed simultaneously with distinct speeds. For this particular
case, the system was exposed to a harmonic excitation at the
drill-bit segment. Results indicated that resonance conditions
due to gyroscopic effects manifested at soft and compact
formations, however, at soft formations, the natural frequencies
were separated at lower RPMs; while at compact formations,
higher RPMs were required to induce an instability. A significant
reduction in lateral vibrations, e.g., 0.01m was observed at 200
RPM for both formation settings, which elucidated the advantage
of VAD technology. It was demonstrated that resonance effects
develop at lower speeds than those of a harmonic excitation.
Despite such characteristics, lateral vibrations may be attenuated
at lower speeds.
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